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SUMMARY
Anisotropic model building is a well-known challenging problem for its non-linear, ambiguous nature. To
reduce the null-space and stabilize the inversion, we propose a new preconditioning scheme in the
linearized tomography to include the rock physics prior information. The rock physics information in
terms of covariance among P-wave vertical velocity (v0), epsilon and delta is generated by stochastic
realizations of a compacting shale model. We design a VSP synthetic survey with the common industry
geometry on two different examples to study the effect of applying prior rock physics prior information on
proper and improper media, respectively. The results show that by utilizing the proper prior rock physics
information, tomography can better resolve the anisotropy parameters, especially in the area where
inversion is poorly constrained by the data. However, cautions should be taken when the lithology of the
subsurface is unknown. Finally, a posterior uncertainty analysis is performed to evaluate the contribution
of the rock physics prior information. The results show that the null-space is greatly reduced by
introducing the prior information.
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Introduction 

Anisotropic model building tries to resolve more than one parameter at each grid point of the 
subsurface. This number could be 3 for a vertical transverse isotropic (VTI) media, and 
increases to 5 for a tilted transverse isotropic (TTI) media. The rapidly increasing model 
space with the increasing complexity of the subsurface makes the surface seismic 
tomography an ill-posed, underdetermined problem. Several studies (Bakulin et al., 2010, 
2009) show that due to the ambiguity between the parameters, even the borehole aided 
localized tomography has difficult to resolve a reliable, unique anisotropic model. 

On the other hand, another piece of independent understanding of anisotropy comes from 
various studies of rock physics (Hornby et al., 1994; Bachrach, 2010b). Bachrach (2010a) 
develops both deterministic and stochastic modeling schemes based on the rock physics 
effective media models for compacting shale and sandy shale. These modeling results can be 
used to construct the initial anisotropic model and the covariance relationships among the 
anisotropic parameters.  

In this paper, we utilize the stochastic rock physics modeling results to constrain the 
anisotropic tomography. A VSP synthetic study is conducted on two different models, one 
with only shale (sandy shale), and the other with one layer of clean sand (isotropic). Inversion 
results are compared between the unconstrained tomography, regularized tomography and the 
rock physics constrained tomography. Finally, we perform a posterior uncertainty analysis for 
the shale example to investigate the null-space of this rock physics constrained tomography 
operator.  

Theory 

In this paper, we extend the traveltime tomography of Woodward et al. (2008). Following the 
Bayes approach, we formulate the following problem:  

                                                             (1) 

where T is a tomography operator ; is a column model vector ; 
is the traveltime misfit vector; m0 is the background (initial) model; mprior is the mean of 

the prior distribution; CM is the model covariance of the prior distribution; CD is the data 
covariance. For the synthetic study here, we assume CD = λI. Rewriting the problem with 
respect to a preconditioned variable which satisfies , leads to the 
following:  

                                                              (2) 

For multi-parameter model space, we assume the model covariance can be decoupled into 
two different parts: spatial covariance for each parameter, and the local cross-parameter 
covariance. Mathematically, that translates: 

                                           (3) 
where S is the spatial smoothing matrix, σis the square root of the local cross-parameter 
covariance matrix.  Each element of S can be estimated according to users’ assumption for 
the smoothness of different parameters. For example, the steering filter (Fomel, 1996; Clapp 
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et al., 2004) is a good choice to incorporate the structural information of the subsurface. The 
local cross-parameter covariance can be estimated from the rock physics modeling (Bachrach, 
2010a).  

 
Figure 1. Left: Stochastic realizations of a rock physics modeling for shale and sandy shale. The 
ellipsoids are fitted locally to describe the multi-Gaussian relationship among the parameters. Right: 
Green dots are the estimated prior distribution by the operator using the ellipsoids on the left. Blue 
dots are the null-space projection of the operator. 
 

The left panel on Figure 1 shows an example of the stochastic realizations of a rock 
physics model for shale and sandy shale.  The ellipsoids are fitted locally to describe the local –
covariance associated with ε,δ, and velocity.  In this paper, we build the cross-parameter 
covariance matrix for each grid point in the subsurface by linearly interpolating the ellipsoids 
according to the velocity.  In the right panel of Figure 1 we present the null space projection 
of the tomography operator, which will be discussed later in the paper.  

Numerical examples 

We design a walkaway VSP survey on a 2-D study area. There are 51 sources distributed 
evenly along 5km on the surface with 2.5km maximum offset, and 10 receivers fixed every 
1km down the borehole. This acquisition geometry is designed to be similar to the industry 
standard VSP surveys, which have more constraints for vertical velocity and δ, but less 
constraints for ε in the deeper part due to the limited propagation angle.  

Two 1.5D models are evaluated using this method. One is a shale (sandy shale) model 
which completely follows the covariance matrix we generated from the rock physics 
modeling; the other is the same except for a layer of isotropic sand where the prior 
information is “wrong”. 

For different inversion schemes, we apply the same smoothing operator S, but different 
estimations of local cross-parameter covariance σ . In the notations below, “no prior” means 
σ= I; “column weighting” meansσonly has diagonal elements which are fixed for every 
grid point in the subsurface; “diagonal covariance” meansσonly has diagonal elements 
which vary according to the rock physics modeling results; “full covariance” meansσhas all 
nine elements which vary according to the rock physics prior for each grid point in the 
subsurface. 

Figure 2 shows the inversion results of the shale (sandy shale) model. It is obvious that  
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Figure 2: Inversion results of the shale (sandy shale) model. Panels on the left show the velocity 
perturbation, in the middle ε perturbation, and on the right δ perturbation. The top row shows the 
inversion results without rock physics prior knowledge, and the bottom row shows the inversion 
results with some rock physics knowledge. 
 

             
Figure 3: Inversion results of the shale model with an isotropic sand layer. Panels are arranged in 
the same order as Figure 2. 
 
vertical velocity is the best constrained variable, therefore, all inversion schemes yields good 
estimations for vertical velocity. However, instability is seen in the results of ε and δ when 
no prior information is included. The oscillations are out-of-phased, which is the numerical 
proof for the theoretical predicted trade-off between these two parameters. Inversion with 
column weighting yields more stable results for δ and the shallow part of ε. 
   For the deeper part and also less constrained part of ε, column weighting gives less 
satisfactory result. When rock physics prior knowledge is introduced, the inversion is further 
stabilized. Both the diagonal and the full covariance give good estimations for velocity and 
δ, while superior result for ε is obtained by full covariance since correct prior knowledge 
adds information to the inversion. The fact that a much closer estimation for ε yielded by 
full covariance than the diagonal one suggests that large cross-terms exist in the covariance 
matrix. 

To step forward from the deterministic inversion that only produces single solution, we 
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perform the null-space analysis following the workflow proposed by Osypov et. al. (2008). 
The right panel on Figure 1 shows the null-space projection (blue dots) overlaid on the 
estimated prior distribution (green dots) when the full covariance scheme is used. It is 
obvious that the inversion with full covariance produces a good estimation to the true prior. 
Also, the null-space projection suggestions that higher uncertainty in anisotropic parameters 
for higher velocities, which often enough means deeper depth, is embedded in rock physics 
knowledge. The shrunk volume of the cloud shows the amount of information that data 
brings into the inversion. 

Conclusions 

In this paper, we propose a new method to incorporate rock physics prior information with 
the anisotropic tomography.  Stochastic rock physics modeling enable us to estimate local 
covariance, which can be incorporated in the non-linear tomographic solution.   Inversion 
results show that any estimation of the local cross-parameter distribution is helpful to 
stabilize the inversion and leads to a better representation of the subsurface. However, we 
should be careful in using too tight prior distribution when the lithology is uncertain, 
especially for areas where parameters are not well-constrained by the data. 

The posterior distribution analysis shows that by adding the rock physics prior information, 
we will obtain a better estimation of the true prior statistics in the inversion and a small 
uncertainty in the posterior statistics. 
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