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SUMMARY
The pyramid transform remaps the (ω,x) space into a (ω, u=ω.x)-space where 2-D dips spectra can be
characterized by a 1-D Prediction Error Filter (PEF). The transform will create empty locations, thus
yielding a missing data problem. We propose an iterative least-squares approach where both the PEF and
the missing data are estimated. This scheme can be used to interpolate missing data in 2-D and 3-D, with
or without aliasing.
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Introduction: the pyramid domain 

The pyramid domain was first introduced by Sun and Ronen (1996): each frequency is interpolated on 
a new grid according to a frequency dependent sampling. We introduce the forward transformation 
from the pyramid domain (ω,u) to the Cartesian space (ω,x) as follows: 

),(),( ωωω ×== xumxd   (1) 

and the adjoint transformation as: 

),(),( ωωω ÷== uxdum   (2) 

where m and d are model and data space vectors, x the offset, ω the frequency, and u the remapped x 
axis with units of velocity. According to the new sampling, the pyramid transform shrinks or stretches 
the space axis. Consequently, the information on a trace (constant x) in (ω,x) lands on a radial line 
through the origin in the (ω,u) space. Figure 1 illustrates this transformation and shows that in the 
pyramid domain, dips in (t,x), whereas curves in (ω,x), return to straight lines in the (ω,u) pyramid 
domain. In the (t,x) domain, a 2-D PEF would be necessary to predict these two lines whereas in the 
(ω,u) domain, only a 1-D PEF would be.  

In practice, one of the challenges of the pyramid transform is to bring the x-space into the u-space. At 
first glance, it seems to require careful interpolation. Alternatively, which we propose here, we can 
sample the u-space very densely (very small du, many nu’s) and use a simple interpolation technique 
such as linear interpolation. The dense sampling will introduce many empty locations in the u-space. 
Missing data in d(ω,x) will introduce even more holes. Therefore, we traded the interpolation problem 
for a missing data problem. This missing data problem is non-linear because we need to estimate both 
missing data and the PEF at the same time. We propose a multistage linear least-square approach to 
solve this non-linear problem.  

Theory: an algorithm for interpolation 

Now we present an algorithm for data interpolation in the pyramid domain. First, we rewrite equations 
(1) and (2) as follows: 

dLm = and mdL' =   (3) 

where m is the pyramid domain, L the linear interpolation operator, and d the Cartesian (ω,x) space. 
We are interested in minimizing the residual vector rd  in a least-square sense where 

dLmrd −= .   (4) 

As mentioned earlier, m will have many holes because we choose a very densely sampled pyramid 
domain. In addition, zeros in d (i.e., missing data) will also create more holes. Therefore, we use 
preconditioning to fill these holes. Since the PEF is not known a priori, we precondition with the 
convolutional roughener A0=(1 -1)T, a 1-D gradient. This is our starting guess for the PEF. After 
making the change of variable p=A0m (preconditioning), we then want to minimize the l-2 norm of 
the vector 

)dpLA(Wr 1
0dd −= − , (5) 

where Wd is a diagonal operator equal to zero where the data (d) is missing, and equal to one 
otherwise. We call m1

 the vector obtained after minimizing ||rd||2. Now, we can upgrade the roughener 
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A0. We introduce the operator M1 as the convolution over the u axis. Simultaneously for all ω, we 
want to minimize in a least-square sense for an updated PEF a1 (constant over ω) the residual vector  

11mm aMWr = ,  (6) 

where Wm is the diagonal operator equal to zero where L’d (equation (3)) is zero, and to one 
otherwise. This operator will never change: it takes both the missing data in d and the effects of the 
pyramid transform (holes due to a fine sampling) into account. Having found a new PEF a1, we can 
estimate a new m in equation (5). This process can be iterated as many times as needed. We will 
present interpolation results in 2-D and 3-D for synthetic and real data cases. 

Non-stationary cases 

Working in the Fourier domain, the theory and methods presented here are only valid when the data is 
stationary. For the non-stationary case, we divide the input data into patches and solve each patch 
independently. We then assume that the data is stationary within each patch. With multi-cores 
architecture, each patch can be processed on a different thread, thus yielding very fast computation. 

Extension to 3-D 

The pyramid domain can be implemented in 3-D as well. The forward transformation will take us 
from the pyramid space (ω, u=ω.x, v=ω.y) to the Cartesian space (ω,x,y). Now, some applications 
might require a 2-D PEF, but others might call for two 1-D PEFs (one in u, and one in v). In any case, 
the methodology introduced in this paper will work in 3-D, as exemplified below. 

Figure 1: (a): Input data d(t,x) with two plane-waves. (b): Real part of d(ω,x). (c): Real part of 
m(ω,u), the pyramid domain. After transformation, straight lines in (a) reappear in (c). 

(a) (b) (c) 

2-D examples 

We present two 2-D examples. Figure 2 illustrates how the pyramid domain can interpolate aliased 
data for two plane-waves. The slowest event in Figure 2a is strongly aliased. We interpolate the data 
in Figure 2a by a factor two (Figure 2c). Aliasing remains for the highest frequencies (Figure 2d) and 
another round of interpolation would be necessary to remove all wrap-around effects.  

Now, Figure 3 shows interpolation results for a shot extracted from a synthetic dataset, illustrating 
that this method works in the non-stationary case as well. Here, every other trace is set to zero and 
reconstructed with our scheme. The slowest events on the left are recovered very well. 
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Figure 2: Interpolation results of 2 plane-waves in the pyramid domain. 

 

 

Figure 3: Synthetic data before (a) and after (b) interpolation in the pyramid domain. In (a), every 
other trace is set to zero and reconstructed in (b). 

kx 
ω (b) FK spectrum of (a) (a) 2 plane-waves 

(c) Interpolation result from (a) (c) FK spectrum of (c) 

(a) 

(b) 
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3-D examples 

Figure 4 presents the result of 3-D interpolation using one shot gather from a real survey in the Gulf 
of Mexico. Figure 4a shows the original shot with strong feathering (see arrow in 4a). Figure 4b 
demonstrates that interpolation in the pyramid domain works in 3-D as well. Note that in this case, we 
used a single 2-D PEF for each patch. The yellow circle in Figure 4a shows a diffraction recovered 
after interpolation. 

Figure 4: Shot gather before (a) and after (b) 3-D interpolation in the pyramid domain. The arrow in 
(a) shows the effects of feathering in this time slice. The oval in (b) highlights a diffraction recovered 
after interpolation. 

(a) (b) 

Conclusion 

The pyramid domain remaps plane-waves in (t,x) into linear events in (ω,u=ω.x). In the pyramid 
domain, a 1-D PEF can be used to characterize such events. In addition, this PEF is identical for all 
frequencies, thus giving many regressions to estimate it. The remapping procedure leaves many holes 
in the pyramid domain (m). Missing data in d will add even more holes in m. We fill them with a 
multistage least-squares approach which allows us to (1) estimate the PEF, and (2) interpolate the 
missing data. This approach was succesfully tested on 2-D and 3-D data cases. 
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